I. INTRODUCTION
This paper describes a theoretical study of the twophoton decay rates from the 2si~2 and 1s 2s So metastable states of the oneand two-electron ions. The primary motivation for the calculations is a recent measurement of the two-photon decay rate in the two-electron ion Kr + by Marrus et al. ' Their measurement is sufficiently precise to be sensitive to relativistic corrections.
The lifetime of an isolated atom in an excited atomic state is normally determined by the rate at which it decays to a state of lower energy by the emission of a single photon. However, in certain exceptional circumstances, all such single-photon transitions are either strictly forbidden or strongly inhibited by angular momentum and parityselection rules. Two cases of particularly fundamental importance are the 2s»2 state of hydrogen (or hydrogenlike ions) and the ls 2s 'So state of heliumlike ions. In the former case, the process 2s lg2~1s lg2+h v can only proceed through relativistic corrections to the magnetic dipole (M 1) matrix element and is therefore slower than an ordinary allowed electric dipole (E 1) decay rate by a factor of O(a Z ). In the latter case the process »2s~o~ls 'So+hv is strictly forbidden by the J=~J=O selection rule, which follows from the fact that photons have spin 1 and thus transport a quantum of angular momentum. For the above states the dominant radiative decay mechanism is the simultaneous emission of two El photons. This arises from a second-order interaction between the atom and the electromagnetic field resulting in the process 2s»2~1$lg2+Avl+A v2 for hydrogen and 1s2s 'So~is 'Sp+hvj+hv2 (4) for helium. The two photons are emitted with a continuous distribution of frequencies because conservation of energy only requires that hvi+hv2 --E(initial) -E(final) . (5) The theoretical formalism was first worked out by Goeppert-Meyer, s and an early estimate of the two-photon decay rate for hydrogen was obtained by Breit and The principal aim of the present work is to improve the accuracy of previous nonrelativistic low-Z calculations and extend them to higher values of Z so that a reliable interpolation and extrapolation formula can be extracted. The coefficients wo and wi in (6) are calculated directly, and the higher-order terms are approximated by an empirical fit to the explicit calculations for ions up to Z=36.
As a by-product, the fimte-basis-set method applied to one-ele:tron ions yields a two-photon decay rate which is substantially more accurate than Klarsfeld's. 
II. THEORY OF T%'0-PHOTON EMISSION
The basic theory of two-photon enussion is discussed for example by Akhiezer and Berestetskii. ' For a process such as (3}or (4) only one of the two photon frequencies is independent because of the energy-conserving requirement (5}. If the photons are emitted into solid angles dQ, and dQi with wave vectors ki and ki ( l k l =co/c), respectively, then the triply differential emission rate in the energy interval dEi --6fcoi for photon 1 can be written in the form of Fermi The general reduction of (10) to reduced matrix elements for a particular combination of multipoles, together with integrations over angles dQi, dQ2 and sums over polarization vectors e&,e2 is discussed by Goldman and Drake. 's This paper also addresses the general question of gauge invariance for multiphoton transitions. For the present problem the nonrelativistic electric dipole approximation is simply obtained by making the replacement u ee~p»e/mc and restricting the sum in (10) to positive frequency states. The singly differential emission rate in this ap-proximation is then
The dimensionless quantity Q(co"co2) can be expressed in either the velocity ( V) The equivalence of (17) and (18) can also be obtained directly from the gauge invariance of two-photon transitions. ' Although the above derivation is written for notational clarity for the special case of process (3) the formalism applies to any J=0~J=0 two-photon transition.
For an S-electron problem one need only sum the operators p, and z over the electron coordinates and replace the one-electron wave functions by appropriate S-electron wave functions in the matrix elements. Since Qt and Qi yield identical results only if the wave functions are exact and the sum over intermediate states is complete, the degree to which they differ provides an indication of the accuracy of the results.
The total two-photon decay rate integrated over frequencies is
The factor of -, ' is included in (22) because the photons are indistinguishable and each pair should only be counted once. A significant advantage of the finite-basis-set methods used here is that the above integration over frequencies can be performed analytically as described in the Appendix.
III. COMPUTATIONAL RESULTS
A. One-electron ions X + 1 f+y f+1y
The equivalence of (17) and (18) The length values appear to converge uniformly from above and the velocity values from below, indicating that they provide a sequence of upper and lower bounds to the exact decay rate. The extrapolated values are obtained from the observation that the ratios of successive differences are nearly constant. The value of P in Eq. (22) (the subscript is a notation used by him to denote an uncertain figure) . The present value is therefore more accurate by about three significant figures. The numbers in The finite nuclear mass contributes a reduced-mass correction factor of (1m/M). In addition, nuclear motion in the center-of-mass frame introduces a further correction factor'~which can be obtained as follows. The total dipole moment of an n electron atom is
where rN is the position of the nucleus, r; is the position of the ith electron and p; =r; -rN is the electron position relative to the nucleus. Since (M+nm)rN+m g p;=0 (24) in the center-of-mass frame, it follows that Q= -Z,e gp;
(25} (Zn }ni M+nm (26) The quantity q,ff ---Z"e is the effective radiative charge for the elo:tron. The final result is
Ts o-electron ions
The calculation of two-photon decay rates for twoelectron ions closely parallels that of Sec. III A. In analogy with (17) X; j, ke converge from above and the odd-Q values from below, while for the velocity form they both converge from below but at different rates. This pattern is not altered by changing Q to Q+1 for the ls2s 'S and n 'P basis sets.
All four cases appear to follow the extrapolation formula (31) $«~,io, "+A/N (ls 'S) (33) where r, z --~r i -r2~a nd P,2 interchanges the coordinates of electrons 1 and 2. All sums over i, j, k start from zero, and include all terms such that i +j+k & Q, where Q is an integer. The condition i & j in (29} is imposed so that basis set members are not duplicated. The second terin of (31) ensures that all terms of the form (zi +z2)g( ls2s 'S) are included in the 'P basis set, as suggested by the analysis of Dalgarno and Epstein. ' Compromises in the choices of nonlinear parameters are obviously necessary in a calculation of this complexity, and the values which optimize the energy are not necessarily the best for two-photon decay rates. The p parameter in (30) and (31) was chosen to be with different values of A in each case, to yield approximately the same value of w,"""as shown by the extrapolated results in Table III . The odd-Q extrapolations for ions up to Z=36 are summarized in Table IV , and the spectral-distribution function dw('y)/dy for helium is given in Table V . Except for the value at y=0.025, the present results for die/dy are slightly larger than those calculated by Jacobs. ' The integrated decay rate of 51. 02 s ' lies between the previous values of Jacobs'2 (50.9 s ') and of Drake et C. 1f Z expansions so that g(ls2s 'S) has the correct asymptotic form. A range of other possibilities for (29} -(31) was tried, but the rate of convergence with basis-set size was not significantly better than with the above choices.
The number of terms (N) in the basis sets for each value of Q is listed in Table II . N is twice as large for the 'P basis set as for the 1s2s 'S basis set because of the doubling of terms in (31). The additional flexibility provided by two exponential factors compensates for the lack of additional powers of r in the basis set, and allows a better representation of doubly excited intermediate states. The basis sets were taken in combinations such that the total number of terms matched as nearly as possible.
The convergence of the results with basis-set size is shown in Table III for the cases Z=2,3,6, and in the limit Z -+Do. The last provides a valuable check on the calculations. The limit is conveniently obtained by setting Z = 1 and dropping the 1/r i2 term from the Hamiltonian, while all other parts of the calculation remain unchanged.
The result, which is just twice the hydrogen atom value in Table I , demonstrates that the hydrogenic part of the problem is reproduced by the basis sets to six-figure accuracy.
For low values of Z the convergence is determined predominantly by the size of the ls 'S basis set and, as has been found previously for eigenvalues, the oddand even-0 values appear to follow separate convergence paths. For the length form, the even-Q values appear to~n ln'l 'S) (nln'l 'S~1 /ri2~ls2s 'S) i ls2s 'S, =e' Eo( ls)+Eo(2s) -Eo(n) -Eo(n ) Although the sum over l runs from zero to infinity it is not difficult to see that since zi+zz is a sum of oneelectron operators only the terms I=O and 1=1 make nonvanishing contributions to (28). Since r )p = r j +r2 -2r / r2cose/2
The calculations of Sec. IIIB are sufficient to determine approximate values for the first several coefficients in a 1/Z expansion of the form of Eq. (6). However, it is advantageous to calculate directly as many coefficients as possible, and determine the remainder by fitting to the data. To this end too is known to very high accuracy since it is just twice the hydrogenic value given in Table I .
Alternatively, it is the value obtained from Eq. (28) if the wave functions are taken to be simple products of unscreened hydrogenic wave functions.
The contributions to to i came from inserting the e /r, z electron-electron interaction as a first-order perturbation to the hydrogenic wave functions and energy differences in (28) a finite basis set containing only the 1=0 and !=1 parts is obtained by retaining only the r &2 and r &2 terms in (29} and {30). By a similar argument no higher partial waves contribute at all in first order to the 'P intermediate states (i.e. , terms such as npn'd 'I') and only the r i2 part of (31) Is needed.
The above considerations suggest the following compact computational scheme as an alternative to performing explicit summations over all first-order perturbations.
(i) Form restricted basis sets such that i+j+k &0 in (29) -(31) with k= 0 or 2 for ls 'S and ls2s '5 0 for n 'I' .
{37)
(ii) Calculate two-photon decay rates for large values of Z, subtract the too contribution, and isolate w& by differencing. Calculations of ut(Z) in this scheme were done for Z=50, 100, and 200, and values of t'ai extracted from the formula w&-, [ -, ' b, w(50) -3hio(100)+8hio (200)], (38) hw(Z) =iv(Z)/Zlim $(Z)/Z (39) The above combination eliminates the contributions from LU2 and 183 and the leading contamination from higher terms is w4/100. Provided that ur4 is not excessively large, the quantity io4/1003 is sufficiently small to allow an accurate estimate of t'ai from Eq. (38) . The choice of Z values represents a compromise between making Z as large as possible and keeping Z small enough so that not too many significant figures are lost in calculating differcnccs.
The values of w, obtained from (38) with different combinations of restricted basis sets are listed in Table VI. The results have apparently converged to ioi ---79.633(2) s As a check, this value is consistent with, but more accurate than, that obtained by a direct At to the low-Z data in Table IV .
The final step of this section is to obtain an interpolation and extrapolation formula for the nonrelativistic two-photon decay rates. which is clearly not a useful expansion. Furthermore, the problem is not cured just by taking out a factor of (Zo) . This is one case where the "screening approximation" widely used in atomic physics apparently does not improve the convergence characteristics of the remainder.
D. Relativistic corrections
Detailed calculations of relativistic corrections to twophoton decay rates in two-electron ions have not been performed. However, one can estimate the expected magnitude of the effect as follows. Equation (27) A surprising feature of (40} is that the value b=2.5 is so large, indicating that a simple 1/Z expansion of the form (6) is not convergent for Z &2.5. However, this result is consistent with the earlier observation that the coefficients io"appear to grow rapidly with increasing n A power-series expansion of (40) yields The relativistic corrections of 0(a Z ) for the terms beyond the leading one are not known .However, the total relativistic shift from all terms in (42) can almost certainly be bounded as follows.
(i) Because of electron screening, the shift is likely smaller in magnitude than for a one-electron ion with the same Z.
(ii) Since relativistic effects come primarily from the region near the nucleus, the shift is probably larger in magnitude than for a one-electron ion with nuclear charge Zcr. The relativistic shift is therefore calculated to be the one-electron shift from (27) 1.0036@ 10' 4.2676' 10' 3.1308' 10" 3 7305~1 0" 9.4680~1 0'2 dm {a=0) -5.71~104 -6.19' 10' -1.50' 10' -3.60~1 0" -2.31 x 10'2 Am {o=0.806) -2.92' 104 -4.30~1 0' -1.25~10' -3.20' 10" -2.15F10" Total {9. 993S0.014)g 10' (4.215+0.010)~1 0'
(2 993+0 012)& 10io (3.391+0.020)~1 0" (7.238+0.077) x 10" (4 31/0 34) y 10 (2.934+0.030) X 10"' predictions but violate Bell's inequality by nearly two standard deviations. The experiment therefore helps to rule out local hidden-variable theories as an alternative to quantum mechanics.
For two-electron ions direct measurements of the twophoton decay rate have been made only for the cases He, Ar' +, and Kr + as summarized in Table IX . The He result, though of low accuracy, is important because it verifies the strong suppression of the two-photon decay rate for low Z due to the electron-electron Coulomb interaction. However, the recent measurement for Kr is of primary interest for the present work. The experimental value lies more than 1.5 standard deviations below theory, even when one takes the downward relativistic shift to be that for an unscreened hydrogenic ion of the same Z=36. This extreme case corresponds to the lower limit of the theoretical uncertainty in Table IX; The discrepancy could be caused by an accidental cancellation of contributions to the one-electron relativistic shift which does not also occur in the two-electron case, making the two-electron shift larger than expected. It could also be caused, for example, by a larger than expected cascade contribution to the measured decay rate.
There is clearly a need for more detailed calculations of relativistic corrections in the two-electron case.
The integral in (21) is = f, IQ(y) I'dy N N Dn, n n, n
